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The complete even k-partite graph K n,.n* ,..., “* is the complete k-partite graph where all the 
n,‘s are even numbers. Orientable and nonorientable quadrangular embeddings are constructed 
for all these graphs. 
1. Introduction 
The complete even k-partite graph K,,,,,,,,,,,,, is the graph with CF==, ni vertices 
partitioned into k sets & such that IV;,1 is an even number for each i, and every 
vertex in each set is adjacent to every vertex in all the other sets and to no vertex 
in its own sei. Notice that the general octahedral graph 0, is a particular 
example of such a graph, in fact 0, = K2,2,2 ,___, 2. 
An embedding of a graph G is a polyhedron on a 2-manifold such that the 
l-skeleton of the polyhedron is G. Such an embedding is a quadrangular 
embedding if every face of the polyhedron is a quadrangle. Fig. 1 shows a 
quadrangle mbedding of 0, into S,. Fig. 2 shows a quadrangle embedding of K4,2,4 
into S,. 
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Fig. 1. A quadrangular embedding of K2,2,2,2 into Ss. 
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Fig. 2. A quadrangular embedding of K4,2,4 into S,. 
Theorem 1. Each complete even k-partite graph has a quadrangular embedding 
into an orientable 2-manifold. 
2. Combinatorial schemes of embeddings 
Throughout the paper we denote the vertices of the graph by pairs, i.j. The pair 
i.j represents the jth vertex of the ith set. In all the figures, we eliminate the point 
and denote i.j by ij. 
Consider the embedding of 0, pictured in Fig. 1. If we read off the neighbors 
of vertex 1.1 counterclockwise, we obtain the following row: 
1.1. 2.1, 2.2, 3.1, 3.2, 4.1, 4.2. 
A combinatorial scheme of the embedding consists of such listings for every 
vertex. The scheme for the embedding in Fig. 1 is 
1.1. 2.1, 2.2, 3.1, 3.2, 4.1, 4.2 
2.1. 1.1, 1.2, 3.1, 3.2, 4.1, 4.2 
3.1. 1.1, 1.2, 2.1, 2.2, 4.1, 4.2 
4.1. 1.1, 1.2, 2.1, 2.2, 3.1, 3.2 
1.2. 4.2, 4.1, 3.2, 3.1, 2.2, 2.1 
2.2. 4.2, 4.1, 3.2, 3.1, 1.2, 1.1 
3.2. 4.2, 4.1, 2.2, 2.1, 1.2, 1.1 
4.2. 3.2, 3.1, 2.2, 2.1, 1.2, 1.1. 
Since the embedding in Fig. 1 is a quadrangular embedding, this scheme satisfies 
the following rule, where the letters represent the vertices. 
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Rule Q *. If in rows a and c we have 
a. - - . b, c, . * - 
c. * * . a, d, - - - 
then in rows b and d we have 
b. - - . d, a, . . * 
d. . . . c, b, . . . 
Lemma. Zf C is a combinatorial scheme of a graph G which satisfies rule Q*, then 
there exists a quadrangular embedding of G into an orientable surface, and the 
scheme of the embedding k precisely C (Edmond’s technique). 
3. Quadrangular embedding of the complete even k-partite graph into 
orientable surfaces 
We shall denote the vertices in set v of K,,,,n2,...,nt by 
i.1, i.2,. . . , i.ni. 
The following combinatorial scheme is the scheme of an embedding of the 
complete even k-partite graph into an orientable surface: 
1.1. 2.1, 2.2. , 2.nz, 3.1. 3.2, ..., 3.n 
1.3. 2.1, 2.2, , 2.nz, 3.1, 3.2, . . . . 3.n:::::: ::i: :::: 1::: if:: 
. . . 
. . . 
.- . 
l.n,-1. 2.1. 2.2, ‘. . 2.n2. 3.1. 3.2, . , 3.19, . k. 1, k. 2, , k.n, 
2.1. 1.1. 1.2. ..‘, l.nl, 3.1, 3.2, . . . . 3.9. . . . . k. 1. k.2, ... , k.n, 
2.3. 1.1, 1.2. “‘, l.n*. 3.1, 3.2, . 3.19. , k. 1. k.2, ‘. , k.y 
. . 
. . . 
. 
2.n2-1. 1.1. 1.2, .‘., l.fll. 3.1, 3.2. ‘. ) 3~9, ‘. . k. 1. k.2. ‘, k.nk 
. 
. 
k. 1. 1.1, 1.2, “‘, l.nl, 2.1, 2.2. ..., 2.9. ..., k-1.1, k-1.2. ..., k-l+, 
k.3. 1.1, 1.2. “. , In,, 2.1. 2.2, .’ (2.ll2, .” ( k-l.l,k-1.2, . . ..k-l.n._, 
. . . . . 
k.nk-1. 1.1, 1.2, “‘, l,n,, 2.1, 2.2, ‘.( 2.n2, “. ( k-1.1, k-1.2, . , k-l+, 
1.2. k.nt. , k. 2, k. 1. . . ..3.n., . . . . 3.2. 3.1, 2.n2, ‘.., 2.2, 2.1 
1.4. k.q, .,., k.2, k. 1, -..,3.n,;..,3.2. 3.1. 2.~ ..., 2.2, 
. . . . . . 
. . . . 
l.n,. k.n, > ..., k.2, k.l. ..‘,3.n,, “.: 3.2. 3.1. 2.~ ..‘, 2.2, 
2.2. pk. ‘.., k.2. k.l, 
2.4. nr, 
. . ..3.~+...,3.2, 3.1, la,, ..., 2.1, 
..., k.2, k.l. . . ..3.n., ..., 3.2. 3.1, l.nl, ..., 2.1, 
. .., . 
2.n> k.nt . . . . . k.2, k.l, .“,Z.q, ‘..: 3.2, 3.1, Ln,, ..., 1.2, 
. . 
. . . . . 
k. 2. k-l.y_,, , k-1.2, k-1.1, ,2.nz, .: 2.2. 2.1. l.n,, ..‘, 1.2, 
k.4. k-h,_,, ... , k-1.2,k-l.l;~.,2.n2;~~,2.2, 2.1, Ln,, ‘.., 1.2, 
. . . . . . . . . . 
. . . . . . 
k.y. k-l.nk_,, ‘.‘,k-1.2.k-1.1, ‘..,2.nz, ‘..: 2.2, 2.1. l.n,, .‘., 1.2, 
2.1 
2.1 
1.1 
1.1 
1.1 
1.1 
1.1 
1.1 
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One can verify that the above scheme satisfies rule Q* and hence is the scheme 
of a quadrangular embedding of the complete even k-partite graph into an 
orientable surface. By using Euler’s formula we can compute that the surface is of 
genus 
4. Quadrangular embeddings of the complete even k-partite graph into 
nonorientable surfaces 
Theorem 2. Each complete even k-partite graph has a quadrangular embedding 
into a nonorientable 2-manifold. 
Fig. 3 shows an embedding of K2,2,2,2 into N6, the nonorientable surface of 
genus six. The scheme of the embedding is as follows: 
1.1. 2.1, 3.1, 2.2, 3.2, 4.1, 4.2 
1.2. 2.1, 2.2, 3.1, 3.2, 4.1, 4.2 
2.1. 1.1, 1.2, 3.1, 3.2, 4.1, 4.2 
2.2. 1.1, 1.2, 3.1, 3.2, 4.1, 4.2 
3.1. 1.1, 1.2, 2.1, 2.2, 4.1, 4.2 
3.2. 1.1, 1.2, 2.1, 2.2, 4.1, 4.2 
4.1. 1.1, 1.2, 2.1, 2.2, 3.1, 3.2 
4.2. 1.1, 1.2, 2.1, 3.1, 2.2, 3.2. 
In rows 1.1 and 4.2 the transposition of the two elements 2.2 and 3.1 provides a 
crosscap, thus making the surface nonorientable. The above scheme satisfies the 
following modified version of rule Q*. 
3211 
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Fig. 3. A quadrangular embedding of Kz,2,2,2 into N6. 
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Rule Q. If in row a. * - -, b, c, . - - 
Or a. * * . , c, b, - - . , 
and in row c. * * * , a, d, * - - 
or c. * * . ) d, a, - * 0, 
then in row b. * - - , a, d, * - . 
or b. . - - , d, a, . . - , 
and in row d. - . . , c, b, . - - 
or d. . . . , b, c, - . . . 
The following combinatorial scheme is the scheme of a quadrangular embed- 
ding of the complete even k-partite graph into a nonorientable surface: 
1.1. 
1.2. 
l.?l,. 
2.1. 
2.2. 
2.9. 
k. 1. 
k. 2. 
k.nt 
2.1, 2.3, 2.2, 2.4, 
2.1. 2.2, 2.3. 2.4, 
2.1, 2.2, 2.3, 
1.1, 1.2, “‘, 
1.1, 1.2, “‘, 
. 
1.1, 1.2, ..‘) 
1.1, 1.2, “. , 
1.1, 1.2, “‘, 
. . 
. . . 
1.1, 1.2, “‘, 
2.4, 
l.n1, 
l.n1, 2.1, 2.3, 
2.5, ‘. , 
2.5, ‘, 
2.5, .“, 
3.1, 3.2, 
3.1, 3.2, 
3.1, 3.2, 
2.1. 2.2, 
2.1, 2.2, 
2.9, 3.1, 3.2, ..., 
2.n2, 3.1, 3.2, .“, 
. . 
.., 
. . 
2.9, 3.1, 3.2, ‘.., 
3.3, 3.4, 3.5, “‘, 
3.3, 3.4, 3.5, ‘. ‘) 
. . 
. 
.,. 
3.3, 3.4, 3.5, ‘. , 
.,. 
. . 
2.3, 2.4, 2.5, ‘, 
2.3, 2.4, 2.5, ‘, 
. . . 
. . . 
. . . 
2.2, 2.4, 2.5, , 
3.9 
3% 
3.9, 
3.0,. 
3.9. 
3.n,. 
2.9, 
2.9, 
3 , k. 1, 
, k.l, 
. . 
. 
. . 
. . . , k.l, 
, k.l, 
, k.l, 
. . . 
. . . 
. . . 
, k.l, 
. . . 
. . . 
, k-1.1, 
. . . , k-1.1, 
. 
. . . 
, k-1.1, 
k. 2, 
k. 2, 
k. 2. 
k. 2, 
k. 2, 
k. 2, 
k-1.2, 
k-1.2. 
k-1.2, 
. 
. . . 
. 
‘.‘P 
. . . 
k+ 
k.nt 
k.nk 
k.nk 
k.nt 
k.5 
k-l.nk_, 
k-l.nt_, 
k-l.nk_,. 
In rows 1.1 and k.nk the transposition of the two elements 2.2 and 2.3 provides 
a crosscap, thus insuring that the surface is nonorientable. The genus of the 
surface is 
4=L[($)-1]+2. 
i=l 
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